Monetary policy strategies that target the price level have been advocated as a more effective way to provide economic stimulus in a deep recession when conventional monetary policy is limited by the zero lower bound on nominal interest rates. Yet, the effectiveness of these strategies depends on a central bank's ability to steer agents' expectations about the future path of the policy rate. We develop a flexible method of learning about the central bank's policy rule from observed interest rates that takes into account the limited informational content at the zero lower bound. When agents learn, switching from an inflation targeting to a price-level targeting strategy at the onset of a recession does not yield the desired stabilization benefits. These benefits only materialize after the policy rule has been in place for a sufficiently long time. Temporary price-level targeting strategies are likely to be much less effective than their permanent counterparts.
Introduction
A number of ongoing structural developments have tested the ability of central banks around the globe to achieve their goals. The neutral real interest rate has likely fallen, implying less leeway to lower interest rates in the event of a recession because of the zero lower bound (ZLB). This development poses a challenge for the predominant monetary policy approach of flexible inflation targeting to manage future recessions and has led some central banks, including the Federal Reserve, to review their existing monetary policy frameworks. 1 Academics and policymakers have explored "makeup strategies" that aim to offset, at least in part, past misses of inflation from its long-run target, in contrast to flexible inflation targeting where the history of past deviations of inflation from this target is irrelevant. Makeup strategies are thought to have large stabilization benefits that stem from their effect on expectations: A commitment to make up for inflation shortfalls through lower interest rates in the future raises near-term inflation expectations and lowers real interest rates which then stimulate the economy even when the short-term nominal interest rate is constrained by the ZLB. A particular type of makeup strategies that has received most of the attention is price-level targeting. 2 When assessing the effects of price-level targeting, it is commonly assumed that private sector agents know the strategy pursued by the central bank and fully believe policymakers' commitment to this strategy. While these assumptions may be reasonable when the monetary policy strategy has been stable over time, they are questionable when the central bank changes to a strategy without historical precedent and the public has no experience with the new strategy. A switch to price-level targeting or a similar makeup strategy would constitute a radical departure from current practice and the public would require time to learn and to trust this new approach to monetary policy.
After all, even in the comparatively benign case of the shift in monetary policy strategy by Federal Reserve Chairmen Volcker and Greenspan towards a low inflation target, it took considerable time for the public to understand the new strategy, as argued in Erceg and Levin (2003) . Since the effectiveness of price-level targeting and other makeup strategies hinges crucially on expectations, we think that a complete evaluation of the merits of these strategies must consider deviations from the full information, rational expectations paradigm, taking into account the public's uncertainty about the central bank's strategy.
There exists an active emerging literature on the effect of agents' cognitive limitations on the effectiveness of monetary policy, including Gabaix (2016) , Farhi and Werning (2017) , Woodford (2018) , and Angeletos and Lian (2018) . These studies have focused on mitigating the so-called "forward guidance puzzle" by which the effect of announcements of future monetary policy on inflation and output today increase with the horizon at which the changes are expected to occur. 3 However, these cognitive frictions impair the effectiveness of price-level targeting strategies as well, since these frictions generally limit the effect of future monetary policy actions on expectations. Eusepi and Preston (2018) study the effectiveness of price-level targeting strategies under adaptive learning and find that it retains its stabilization properties. 4 All of these studies, however, consider cases in which a policy strategy is in place indefinitely, and misperceptions caused by agents' cognitive limitations also persist indefinitely. The literature therefore falls short on the question of how expectations can affect the transition between policy strategies.
In this paper, we develop a method of learning about the central bank's policy strategy that can be applied to models with a ZLB constraint. Agents hold subjective beliefs about the parameters in the central bank's rule for the short-term nominal interest rate-the policy rate-and they update these beliefs solely from observations of the policy rate and the inputs to the policy rule such as inflation and the output gap. Contrary 3 Del Negro et al. (2012) coined the term "forward guidance puzzle" in work showing that standard medium-scale DSGE models grossly overestimate the impact of forward guidance on the macroeconomy. 4 Mele et al. (2018) argue that price-level targeting need not be optimal when a rational central bank interacts strategically with a learning private sector. to the learning environments featured in Evans and Honkapohja (2001) and Eusepi and Preston (2018) , the entire structure of the economy is common knowledge and agents make rational forecasts conditional on their perceived policy rule. If the true policy rule stays in place over a sufficiently long time horizon, then the learning equilibrium converges to the full information, rational expectations equilibrium. However, when the central bank switches to a new strategy, it takes time for agents to learn this new strategy. During this transition, misperception of the policy strategy by the private sector can have unintended consequences for economic outcomes. The convergence of beliefs can be hampered in particular when the economy is at the ZLB, because the observed policy rate carries little information about the true rule parameters in this case.
To assess the implications of our learning framework for monetary policy, we consider the textbook New Keynesian model. The central bank sets the policy rate i t according to a simple rule that can react to an inflation gap and/or a price-level gap. We focus on a switch from a (flexible) inflation targeting to a (flexible) price-level targeting strategy. Our analysis suggests that under learning the switch to price-level targeting falls short of delivering the stabilization benefits that are found under full information in a demand-driven recession with a binding ZLB.
When the central bank switches to price-level targeting at the onset of a demanddriven recession, the switch mitigates the loss in output and the shortfall in inflation under rational expectations and full information. By contrast, when agents are learning, output and inflation initially fall just as much as under the inflation targeting strategy despite the switch. Because agents do not immediately understand the switch in the policy rule, they initially attribute the differences in the policy rate resulting under the price-level targeting strategy to a series of discretionary policy shocks rather than the switch in strategy. Agents therefore fail to anticipate the more accommodative policy associated with the price-level targeting strategy. The learning problem is further complicated by the fact that the policy rate quickly reaches the ZLB. At the ZLB the interest rate prescribed by the policy rule is censored as the actual policy rate cannot fall below zero and the private sector agents receive little information about the true rule parameters. As a result, under learning, the central bank is left with a much larger negative price-level gap than under full information, and thus has to allow for substantial overshooting of inflation after the recession to deliver on its promise of price level stabilization. The costs of this overshooting are incurred without having accrued any stabilization benefits in the midst of the recession.
In order for the stabilization benefits of price-level targeting to materialize, pricelevel targeting should be introduced in relatively calm times-that is, when inflation is not persistently undershooting its long-run target and the federal funds rate is not constrained by the ZLB-to give agents the opportunity to learn the new policy strategy. When put in place for a sufficiently long time, systematic price-level targeting then becomes superior to inflation targeting, just as under full information.
We also show that a price-level targeting strategy that is permanently in operation is preferable to a temporary price-level targeting strategy of the type suggested by Evans (2012) and Bernanke et al. (2019) . Under temporary price-level targeting, monetary policy falls into two regimes: The central bank targets the price level when the ZLB binds but switches back to targeting inflation once the price-level gap accumulated during the ZLB episode has been closed. Consequently, the price-level targeting regime is active precisely when it is difficult for agents to infer changes in monetary policy. Agents are unlikely to anticipate that monetary policy will be more accommodative in this regime, a failure that renders the strategy ineffective. This result echoes the concern voiced by Svensson (2019) that the effectiveness of makeup strategies "probably requires that economic agents need to see the policy practiced and its principles obeyed for some time, in order to believe that it will be maintained and be successful in the future."
Our behavioral learning framework builds on Tetlow and von zur Muehlen (2001) and Cogley et al. (2015) . We extend their approach to take into account the limited informational content of interest rate observations at the ZLB by explicitly modeling the associated non-linearity in the observation equation of agents' Bayesian state-space system. In related work, Gust et al. (2018) assume that agents are only uncertain about the value of the intercept term in the policy rule where the intercept term can take on values from a small, finite, and publicly known set. All other rule parameters are known and fixed at all times. Price-level targeting strategies are not considered in their work.
Limited information and learning also play a role in the literature on imperfect credibility, which is often modeled as agents not observing parts of the central bank's policy strategy. For example, Erceg and Levin (2003) and Schorfheide (2005) interpret the shifts in monetary policy in the 1980s and 1990s through the lens of learning and limited credibility. Bodenstein et al. (2012) show that, under imperfect credibility, private sector agents may doubt that the central bank will honor its announcement to keep interest rates low for longer. As a result, the interest rate path expected by the private sector lies above the path announced by the central bank. In our paper, the private sector projects future monetary policy to be tighter than intended by the central bank under price-level targeting, leading to outcomes that resemble those under a lack of credibility. Finally, Kryvtsov et al. (2008) model the switch from an inflation targeting strategy to a price-level targeting strategy under imperfect credibility. They model credibility to be independent of the observed interest rate path and they do not impose a ZLB constraint.
The remainder of this paper is structured as follows. Section 2 describes our generalized model of learning, while Section 3 contains our application to the introduction of price-level targeting. In Section 4 we discuss the best timing for a central bank to switch from inflation targeting to price-level targeting. Section 5 analyzes a temporary price-level targeting strategy. Section 6 concludes.
A Model of Learning the Monetary Policy Strategy
For the purpose of our analysis, a monetary policy strategy is fully described by a simple policy rule that describes how the central bank maps inflation, the output gap, and possibly other variables into a value of the short-term nominal interest rate, the policy rate.
We assume that the private sector agents do not know with certainty the policy rule of the central bank, and we therefore distinguish between the actual policy rule followed by the central bank and the perceived policy rule that agents use to form expectations.
Agents infer the parameters of the perceived policy rule solely from observations of economic data as described in the following.
The Economy
We conduct the analysis in a discrete-time model that is linear except for the ZLB. Excluding the description of monetary policy, the equilibrium conditions are summarized by a linear forward-looking system of equations of the form:
All variables are expressed in deviations from the deterministic steady state of the model.
The endogenous variables x t enter with their current, past, and expected future values into the model. Exogenous disturbances enter through the random vector u t . The shocks are iid and have mean zero. Finally, the policy instrument i t is determined by the central bank as described below.
The Central Bank
The actual policy rule for the policy rate (in deviations from its deterministic steady state) i t is of the form:
where i * t is the notional interest rate and i is the lower bound on the policy rate. The notional rate is set according to a linear rule with parameters Ψ (β t ) that are a function of a small set of parameters β t . These parameters can vary over time to accommodate changes in the central bank's systematic response to economic outcomes. The policy rate is also affected by a white noise process e t . This shock represents one-time discretionary adjustments to the policy rate. 5
Full information rational expectations equilibrium
In the full information rational expectations equilibrium, private sector agents observe the sequences of past and current realizations of the endogenous variables x t , the exogenous disturbances u t and the policy rate i t . Agents also know the linear economic model given in equation (1). We assume that the central bank commits to the values of the parameters in the policy rule β t in equation (2). Private sector agents know these parameters and the form of the policy rule and hence have a complete understanding of the monetary policy strategy. Agents also observe the current value of the policy shock e t . At every point in time, the private sector agents know the correct policy rate path that the central bank intends to implement contingent on the state of the economy. We solve for the full information rational expectations equilibrium with an occasionally binding ZLB constraint using the algorithm of Holden (2016).
Learning Equilibrium
Under learning, private sector agents also observe the sequences of past and current realizations of the endogenous variables x t , the exogenous disturbances u t and the policy rate i t . They also know the linear economic model given in equation (1). While agents know the general form of the actual policy rule in equation (2), they do not observe the values of the parameters β t . Neither do they observe the realizations of the monetary policy shock e t . Instead, agents believe that the transitory shock and changes to the parameters at time t are normally distributed white noise with:
The variances σ 2 et > 0 and Σ βt > 0 are subjective and are an exogenous input to the learning process. The assumption that policy parameters change over time is common in empirical work. Notably, Boivin (2006) assumes that policy rule parameters follow random walks to assess how the conduct of U.S. monetary policy has changed over time.
His estimates suggest that the rule parameters evolve gradually and feature wide error bands. Strictly speaking, these beliefs render agents boundedly rational in our model since the true rule parameters are constant except for a one-time discrete jump. We view this setup as a simplified representation of an environment with fundamental uncertainty about the actual policy rule.
Our formulation of the learning equilibrium follows Cogley et al. (2015) with the important difference that we include the informational constraints arising from the ZLB.
Private sector agents enter period t with beliefs about the policy rule parameters inherited from t − 1. In formulating decisions plans, agents treat the mean parameter estimates as if known with certainty. Then period t shocks are realized. Agents observe the realizations of the private-sector shocks and the central bank's policy action and infer a perceived policy shockẽ t . Outcomes are determined in accordance with the beginningof-period plans. Finally, agents update their estimates of the rule parameters.
In providing a detailed description of the learning framework, we start by defining the mean of the posterior distribution of β t−1 at the end of period t − 1 withβ t−1 . Following Kreps (1998) , agents plan under anticipated utility and view the rule parameters as fixed atβ t−1 . 6 These plans also depend on the agents' perceived valueẽ t of the actual policy shock. Agents solve for state-contingent paths starting in period t denoted by
s , s ≥ t that satisfy the system of equations (1) and the policy rule (2) with β s =β t−1 for all s ≥ t. Merging the two conditions, the solution needs to satisfy
In solving this problem, agents take the perceived policy shock sequence e (t)
s represents the agents' expectations about the future evolution of the economy at time t. Again, we rely on the computationally efficient algorithm of Holden (2016) in this step.
The perceived value of the policy shock for the current periodẽ t reflects the observed value of the policy rate:
where φ and Φ are the standard normal density and cumulative distribution functions, respectively. If the observed policy rate is above the ZLB,ẽ t equals the difference between the observed policy rate i t (derived from the actual policy rule with parameters β t ) and the policy rate projected by the private sector (derived from the perceived policy rule with parametersβ t−1 ). If the observed policy rate is at the ZLB,ẽ t equals the conditional expectation of the policy shock e t when the notional rate i * t is below the lower boundī, i.e., the mean of a truncated normal distribution.
To obtain for the equilibrium in period t, we solve simultaneously for x t = x (t) t , i t , andẽ t using equations (4), (5), and the actual policy rule in (2). The appendix provides details on the solution algorithm.
Having observed the equilibrium outcomes x t , agents update their beliefs about the rule parameters β t by solving the following Bayesian filtering problem:
Using the posterior distribution of beliefs about β t−1 as the prior distribution in this filtering problem, agents derive a new posterior distribution of beliefs about β t given the observations of i t and x t . As in Cogley et al. (2015) , agents treat x t as exogenous and thus as independent of the shocks e t and βt . By ignoring the correlation between the policy shocks and the economic outcomes, agents do not make use of all the available information. However, form an analytical perspective, this exogeneity assump-tion greatly simplifies the agents' filtering problem because the problem reduces to a Bayesian regression with truncation in this case. In addition, we make two computational approximations to the filtering problem: First, we replace the posterior distribution by its Laplace approximation, i.e. we approximate the posterior distribution of β t with a normal distribution. Second, we approximate the potentially non-linear mapping Φ (β t ) with a first-order Taylor expansion as in extended Kalman filtering, but keep the non-linearity arising from the ZLB. Again, we refer to the appendix for details on the solution algorithm.
Several of the stated behavioral assumptions imply that the private sector agents are boundedly rational in our model. First, agents behave as anticipated utility modelers and treat the current estimates of the rule parametersβ t−1 as if known with certainty when deriving their economic decisions and when computing the perceived policy shockẽ t . Second, agents update the estimates of the rule parameters through a filtering problem that, although Bayesian, ignores the endogeneity of the policy shocks e t to the model outcomes x t . Third, agents take a perceived law of motion for policy innovations in equation (3) 
Learning a Price-Level Targeting Strategy
We apply this learning framework to a situation in which the central bank switches from an inflation targeting strategy to a price-level targeting strategy. A price-level targeting strategy actively seeks to offset passed misses of inflation from the central bank's inflation goal. As laid out in the introduction, price-level targeting is considered to be better suited than inflation targeting to stabilize the macroeconomy, particularly when the policy rate is at the ZLB. Most of the subsequent analysis also applies for other makeup strategies such as average inflation targeting or shadow rate rules. 7
While our learning framework can be embedded into any linear model of the form 7 For a summary of makeup strategies see, Bernanke et al. (2019) and Hebden and López-Salido (2018). in equation (1), we adopt the textbook New Keynesian model to characterize the underlying economic environment in our illustration of the impact of learning on the effectiveness of price-level targeting. This choice of model seems well suited given that most theoretical arguments about the benefits of price-level targeting are formulated within this model.
Economic Model
The textbook New Keynesian model features two equations:
All variables are expressed in deviation from their non-stochastic steady state values.
The New Keynesian Phillips Curve in (9) links inflation (measured relative to its long-run target π * ) π t to its expected value and the output gap y gap t . The output gap is defined as the difference between actual output and the natural level of output, y gap t = y t − y * t . v t is an inefficient cost-push shock. The Aggregate Demand Curve in (10) provides the connection between the output gap, inflation, the policy rate i t and the natural rate of interest g t . E t denotes the subjective expectations of the private sector conditional on its information set I t .
We set the discount factor β equal to 0.9956 to imply a steady state real interest rate of 1.75 percent, and set the intertemporal elasticity of substitution σ equal to 1. The slope of the Phillips Curve κ is fixed at 0.1. The demand and supply shocks g t and v t follow first-order autoregressive processes with autocorrelations ρ g = ρ u = 0.9. The standard deviations of the innovations are σ g = 0.3 and σ u = 0.03, respectively, in order to match the volatility of inflation and the output gap in quarterly U.S. data from 1984Q1 to 2007Q4.
To highlight the importance of the private sector's expectations about monetary policy for the evolution of the economy-the expectations channel of monetary policy-we iterate equations (9) and (10) forward. The Aggregate Demand Curve can thus be writ-ten as
which reveals the dependence of the output gap on the expected path for the real interest rate. Similarly, the Phillips Curve implies that inflation equals the discounted sum of current and future expected output gaps
As a result, inflation also depends on the expected path of the real interest rate. Thus, the ability of the central bank to steer inflation and the output gap into any desired direction depends importantly on the ability of the central bank to steer the private sector's expectations about current and future interest rates.
If the monetary policy strategy-the state-contingent path of the policy rate i t -is known to the private sector, then the central bank can successfully steer the economy in the desired direction. However, if the monetary policy strategy is not known with certainty or, alternatively, not perceived as credible by the private sector, perceived and actual monetary policies may differ importantly from each other. As a result, the realized economic outcomes may end up differing substantially from those intended by the central bank.
Monetary Policy Strategies
We assume that, at every point in time, the strategy of the central bank is fully described by the interest rate rule
which is consistent with the steady state form given in equation (2). The lower bound i on the policy rate is expressed relative to the steady state and equals i = − π * β where the steady state inflation rate π * equals the central bank's inflation target.
The central bank arrives at a value for the notional interest rate i * t from the current values of inflation, the output gap, and, possibly, the lagged realized value of the policy rate. Under price-level targeting, the central bank also responds to a price-level gap. The price-level gap p gap t records the cumulative departure of inflation from its target value from a fixed date in the past to the present period t and evolves according to p gap t = p gap t−1 + π t . Given the ZLB constraint, the actual policy rate i t equals the notional rate i * t if the latter is above i, and equal to i otherwise.
The subsequent analysis assumes that before some period τ 0 , the central bank follows an inflation targeting strategy. More precisely, we characterize inflation targeting by the inertial version of the Taylor (1999) rates sluggishly in response to economic conditions, see English et al. (2003). 8 The parameters in the inertial Taylor rule assume the values ρ i = 0.85, φ y = 1, φ π = 0.5 and φ p = 0. The inflation target π * is set to two percent. The central bank always adheres to the prescriptions from the rule, and in particular the true monetary policy shock is always zero. However, as stated above, the private sector does not necessarily understand this feature of policymaking and, at times, will perceive the monetary policy shock to differ from zero.
Given these assumptions, we consider a switch in monetary policy in period τ 0 to a price-level targeting rule with φ p = 1 and φ π = 0. We set the reference date for the pricelevel gap to be period τ 0 − 1 so that upon switching the policy strategy the price-level gap is closed, i.e., p gap τ 0 −1 = 0. Without loss in generality, we assume the parameters on the lagged policy rate ρ i and the output gap φ y to remain unchanged and that the private sector understands this to be the case.
Beliefs
While private sector agents do not understand how the parameters φ π and φ p have changed in period τ 0 , agents can infer the new parameter values from the data by solving the Bayesian regression problem described above. This problem depends on the subjective beliefs about the rule parameters. Initially, agents know the parameters of the inertial Taylor rule with certainty, as would be the case if that rule had been in place for a sufficiently long period for the beliefs to have converged to the true values. To update their estimates of the rule parameters φ π and φ p after the switch to price-level targeting, agents apply the filtering problem in equations (6)-(8) with
given the rule described in equation (13). Since the parameters on the lagged value of the policy rate ρ i and the output gap φ y remain unchanged throughout the analysis, we assume for simplicity that private sector agents do not consider the possibility of changes in these parameters either. In addition, agents set the initial price-level gap to zero.
Over time, the parameter beliefs converge to the true parameter values. The speed of convergence depends on the subjective prior uncertainty about the rule parameters Σ βt and the subjective variance of policy shocks σ 2 et . The ratio Σ βt /σ 2 et can be understood as a signal-to-noise ratio in the Bayesian regression problem. If the entry in Σ βt associated with a specific parameter is larger, then a given-size forecast error in the policy rate carries more information about this specific parameter and the resulting update in this parameter will be larger.
We think it is unclear how to judge empirically how agents would adjust their expec-tations in the wake of the adoption of price-level targeting that is without precedent in recent history. 9 In our benchmark specification, we choose σ 2 et and Σ βt such that beliefs converge about half-way to the truth in 20 quarters after the strategy switch. In detail, we set
implying to a perceived standard deviation of the policy shocks of 10 basis points and perceived standard deviations of the innovations in the parameter φ π and φ p of 0.06 and 0.02, respectively, and a perceived correlation between innovations to φ π and φ p of -0.25.
In other words, agents think that the central bank will tend to pursue either inflation targeting or price-level targeting, but they do not think that they are mutually exclusive.
We also consider a "slower learning" case implying less willingness of the agents to adjust their views about monetary policy. In this case, we reduce the parameter innovation matrix Σ βt by a factor of ten which yields much slower convergence of the parameters to the truth.
Learning in Normal Times
We illustrate the learning mechanism using stochastic simulations. Each simulation is initialized by a draw from the ergodic distribution of the variables generated under the inflation targeting rule (with parameters φ π = 0.5 and φ p = 0. Given these initial conditions, policymakers switch to the new rule in period τ 0 = 0 with parameters φ π = 0 and φ p = 1. By contrast, in our benchmark learning case (yellow lines), the parameter beliefs ad-9 One could follow the approach in Boivin (2006) and estimate a policy rule with time-varying parameters from historical data and use the resulting estimates to discipline the belief process in our learning model. However, such an analysis is unlikely to yield much information on the past evolution of the parameter on the price-level gap φ pt since no central bank has pursued a price-level target, and even less on its future evolution. Figure 1 show the median beliefs over the rule parameters. Across simulations, these beliefs can vary considerably as evidenced by the shaded area representing the 10th and 90th percentiles of the distribution of beliefs. Initially, the beliefs move strongly into the right direction because, as we discuss further below, there is more variation in observed outcomes to learn from just after the rule has switched. The speed of learning depends importantly on the subjective uncertainty that agents place on changes in the rule parameters. In our benchmark case, the median belief has almost converged to the true parameters after 15 years. Beliefs about the parameter on inflation converge somewhat faster than those on the price-level gap parameter. Under the "slower learning" specification (purple lines), agents apportion the differences between the observed policy rate and the rate prescribed under the perceived rule more to the discretionary policy shock e t than to the changes in the rule parameters β t . Hence, the updating steps in the parameters are smaller. 
Learning During a Deep Recession
Proponents of price-level targeting (or other makeup) strategies have emphasized the stabilizing features of this strategy in particular when the policy rate is at the ZLB, although, as illustrated above, the benefits may apply more broadly. 10 If, in a deep demanddriven recession, the policy rate reaches the ZLB, a price-level targeting central bank provides automatically additional monetary accommodation. In order to make up for the shortfall of inflation from its long-run target, the central bank will need to keep the interest rate path sufficiently low to induce future catch-up inflation. In many models, the anticipation of higher future inflation and low future nominal interest rates lowers the expected path for real interest rates which in turn can stimulate the economy up front without any contemporaneous interest rate adjustment (because of the ZLB). 11
For price-level targeting strategies to stabilize the economy through this expectations channel, private sector agents must understand the policy strategy and consider it credible. Under learning, the central bank may not achieve the desired outcomes from adopting the price-level targeting strategy because the central bank cannot reveal its commitment to the new strategy through the observed policy rate as long as the policy rate is at the ZLB. Agents receive little information about the new policy rule while at the ZLB and they fail to anticipate that the central bank will keep the policy rate path low in the future. As a result, the switch in policy strategy does not provide further monetary stimulus. If, nevertheless, the central bank remains committed to its new strategy, it will subsequently have to allow for higher inflation to undo the accumulated price-level gap.
We illustrate these challenges to price-level targeting by considering a switch from inflation targeting to price-level targeting in a demand-driven recession during which the ZLB binds. Specifically, we choose a combination of demand shocks g t and supply shocks u t that, under inflation targeting, induce inflation to fall by roughly 1.5 percent-10 Compare also to Svensson (1999) and Vestin (2006) . 11 Under full information, pairing inflation targeting with forward guidance on the path of the policy rate could yield similar effects as permanent price-level targeting. However, under credible permanent price-level targeting future policy accommodation is automatic at the ZLB; absent an explicit rule for forward guidance the adhoc nature of this approach may delay the communication of future policy accommodation. See also the discussion in Section 5 on temporary price-level targeting. age points and the output gap to fall by roughly 5 percentage points, magnitudes of declines that are comparable to those during the Great Recession. The innovations to the shocks start in period t = 0 and end in period t = 11; afterwards g t and u t converge back to zero at speeds dictated by the auto-regressive parameters ρ g and ρ u . Figure 4 shows the median outcomes across simulations conditional on this sequence of shocks (i.e., shocks are sampled randomly except for periods t = 0, . . . , 11).
The blue lines (labeled "no switch") depict the outcomes in the recession scenario when the central bank follows the inflation-targeting rule throughout the entire simulation.
The presence of the effective lower bound exacerbates the effects of the recessionary shocks and leads to a large drop in inflation and the output gap. Notably, under the inflation targeting strategy the central bank does not makeup for any deviations of inflation from its long-run target during the ZLB episode; there is no inflation overshooting.
When the central bank adopts a price-level targeting rule at the onset of the recession (τ 0 = 0), this new strategy is very effective in mitigating the adverse effects of the recession under full information (red lines): Inflation only drops half as much as under inflation targeting and the fall in the output gap is reduced. Later in the simulation, inflation overshoots its target, as the price-level targeting rule keeps policy rates low for longer to close the price-level gap. In fact, it is precisely the expectation of this more accommodative policy stance and the accompanying inflation overshoot that, through the expectational channels of the New Keynesian Phillips Curve (9) and the Aggregate Demand Curve (10), prevents inflation from falling during the recession. Figure 4) , agents fail to anticipate the full extent of future policy accommodation under price-level targeting. As a result, inflation expectations are lower than under full information, the drop in the real interest rate is restrained, and little buffer is provided against the declines in inflation and the output gap. The large and persistent drop in inflation accumulates to a sizable price-level gap over time and, consequently, the central bank must keep the policy rate lower for longer than under full information to close this gap. A sizable overshoot of inflation results from the attempts to close the gap later in the simulation. Figure 5 shows the evolution of the private sector beliefs that correspond to these 
By contrast, under learning (yellow lines in

Notional interest rate
Note: Solid lines show median outcomes and beliefs across 1,000 simulations. Shocks are sampled randomly except for periods t = 0, . . . , 11 during which they are fixed at the sequence described in the text. The rule followed by the central bank switches from inflation to price-level targeting in period τ 0 = 0. Variable definitions are as follows: "Output gap" is y gap t , "Inflation" is 2 + 4π t , "Real Interest Rate" is Note: Solid lines show median outcomes and beliefs across 1,000 simulations. Shocks are sampled randomly except for periods t = 0, . . . , 11 during which they are fixed at the sequence described in the text. The rule followed by the central bank switches from inflation to price-level targeting in period τ 0 = 0.
simulations. Compared to the evolution of beliefs in normal times (shown in Figure 1 ), the median parameter beliefs hardly move towards the true rule parameters in the first 14 quarters after the shock as learning is particularly hampered by the presence of the ZLB. To elaborate on this finding, Figures 4 and 5 include the outcomes and beliefs when agents observe the notional rate i * t instead of the policy rate i t (green lines). As the notional interest rate is not censored and can assume negative values, agents receive more information about the true rule parameters while the actual policy rate is at the ZLB. As a result, beliefs adjust earlier than in the case that agents observe the actual policy rate only. This earlier adjustment of beliefs is sufficient to noticeably stabilize inflation. In other words, the loss of stabilization benefits under learning is greatly amplified by the limited informational content of the actual policy rates when the ZLB is binding.
Overall, these simulations highlight that the effectiveness of flexible price-level targeting depends importantly on the formation of expectations. When agents do not understand the future effects of current policy changes, the commitment to stabilize the price level requires a prolonged period of policy accommodation and high inflation later on without the benefits of closer-to-target inflation and output during the recession.
The simulations provide an example of a commitment-based policy that is designed to achieve sizable stabilization benefits by steering expectations, yet may turn out to be undesirable if expectations fail to respond as intended.
When to Adopt New Policy Strategies?
If a central bank intends to switch from an inflation to a price-level targeting strategy, we advise to do so as early as possible, but not around an episode in which the ZLB becomes or is already binding. To substantiate this recommendation, we vary the timing of the adoption of price-level targeting-before, during, or after the onset of the recession-while keeping fixed the recession scenario introduced above and rank the resulting economic outcomes according to the central bank's loss function. Neither the central bank nor private sector agents are assumed to have any advance information about the recession prior to its realization.
We specify the loss function of the central bank to be:
This loss function places equal weights on squared deviations of the inflation rate from its long-run target and of output from its natural level. Period losses are discounted by the factor β. We measure the discounted loss that occurs between periods T 0 and T 1 ,
where we set T 0 = −20. The sequence of recession shocks starts in period 0. Given the parameterization of the policy rules and the loss function, price-level targeting is always preferred to inflation targeting under full information. The benefits of price-level targeting are larger the further in advance of the recession the central bank adopts its new strategy. These benefits are diminished when price-level targeting is adopted after the economy has already fallen into recession. T 1 = 20 shown in the right panel of Figure 6 -we find that late adoption of the price-level targeting strategy has no advantage over inflation targeting. Hence, in the case of late adoption the advantage of price-level targeting over the long term simply reflects the optimality of price-level targeting at and away from the ZLB given the central bank's loss function. In line with our earlier discussion, during the recession, policy is perceived to be less aggressive in stabilizing prices than it actually is under the new rule and inflation is more volatile. The slower beliefs adjust, the more do the potential benefits of pricelevel targeting evaporate. Note: Results based on 1,000 simulations for each rule switch period τ 0 shown. Recession periods are t = 0, . . . , 8. ZLB periods are the fraction of periods across simulations and across time during which the ZLB is binding. τ 0 = −∞ refers to the full information case in which price-level targeting is in place from the start of each simulation, while τ 0 = ∞ refers to the case in which inflation targeting is in place indefinitely. Simulations are based on the benchmark parameterization of subjective belief uncertainty.
Loss function values are normalized to one for the case τ 0 = ∞.
Price-level targeting is more beneficial under learning if adopted well in advance of the recession. When price-level targeting has been in place sufficiently long, private sector agents have had the opportunity to learn the new policy strategy before the recession begins, so that the stabilizing benefits of this strategy come to fruition. Figure   7 shows the evolution of beliefs and outcomes with learning for the case in which the central bank switches in τ 0 = −16. In this case, beliefs have partially adjusted towards the new rule parameters by the onset of the recession. Even with this partial understanding of the policy rule, policymakers already achieve similar outcomes of inflation and output as under full information. Table 1 reinforces our message about the timing of adoption by showing additional statistics for the benchmark learning case. Early adoption of price-level targeting (τ 0 = −16) yields similar outcomes (means and standard deviations) of inflation and the output gap and losses as the full information case (τ 0 = −∞), in particular when we consider the long horizon. By contrast, adopting price-level targeting at the onset of a recession (τ 0 = 0) results in greater volatility of inflation and the output gap.
Overall, our results suggest that a central bank planning to switch to a price-level targeting strategy should do so as early as possible, unless it attaches a high probability to a deep recession in the near future. In that case, it can be beneficial to postpone announcing price-level targeting until after the recession is over to avoid being stuck with a commitment to make up a large price-level gap but little additional stabilization of the economy during the recession.
Temporary Price-Level Targeting
So far, we have focused on the adoption of a permanent price-level targeting strategy, under which the central bank seeks to close the price-level gap regardless of the gap sign and the economic conditions. We now turn to the more state-contingent variant of temporary price-level targeting (TPLT). Under TPLT the central bank only seeks to close the negative price-level gap that stems from a ZLB episode; once this negative gap has been eliminated, the strategy switches back to inflation targeting. Evans (2012) and Bernanke (2017) argue that TPLT can provide the full stabilization benefits of permanent price-level targeting during steep declines of aggregate demand while, at the same time, can help avoiding the potential difficulties associated with communicating to the public that tighter monetary policy is needed to reduce a positive price-level gap. Both these studies assume that the private sector has full information and that the strategy is perfectly credible.
However, the validity of these assumptions seems to be even more questionable in the case of a TPLT than a permanent price-level targeting strategy. Svensson (2019) articulates these concerns by stating that, if price-level targeting strategies "are only applied occasionally and temporarily, economic agents will not be very used to them, and considerable explanation and communication may be necessary. But this may still not be sufficient for the temporary price-level target to be credible, in which case the favorable effect of raised inflation expectations may not occur. Credibility normally needs to be earned, meaning that economic agents need to see the policy put into practice and its principles obeyed, in order to believe that it will be maintained and be successful in the future." Our learning framework directly speaks to Svensson's concern, as agents understand and believe a price-level targeting strategy only once the strategy can be inferred from the observations of the policy rate.
A TPLT strategy differs from a permanent price-level targeting strategy along two dimensions: the definition of the makeup measure and the state-contingent rule parameters. In our formulation of TPLT, the makeup measure accumulates past deviations of inflation from its target since a state-contingent reference period τ 0 (t):
The reference period evolves according to:
Intuitively, the reference period is the last time that the policy rate reached the ZLB. The reference period, and therefore the makeup measure z t , are reset when the policy rate is at the ZLB and the makeup measure has ever turned positive since the previous reference period. By contrast, under permanent price-level targeting the makeup measure is given by the accumulated (positive or negative) price-level gap since a fixed reference period.
We now turn to the weight that the central bank assigns to the makeup measure in its interest rate rule. The policy rule continues to be of the form in equation (13):
The parameters φ πt on inflation and φ zt on the makeup measure are state-contingent to split the TPLT strategy de facto into an inflation targeting regime and a price-level targeting regime:
The central bank assigns positive weight to the makeup measure only in the price-level targeting regime which gets triggered when the policy rate first reaches the ZLB. The regime stays in place until the makeup measure has been made up for. After that, the central bank switches back to the inflation targeting regime.
In line with our previous formulation of beliefs under learning, we assume that agents perfectly observe the makeup measure z t , but do not observe the parameters φ zt and φ πt . The beliefs about the evolution of these parameters are parameterized in the same way as in Section 3.3. In particular, agents think of φ zt and φ πt as time-varying, but they do not have the knowledge that the parameters follow two discrete regimes.
As for the permanent price-level targeting strategy, we consider the severe demanddriven recession scenario for a TPLT strategy to contrast the performance of the economy under learning with its performance under full information (agents observe the true rule parameters and understand their dependence on the economic conditions).
The outcomes and beliefs under learning and full information are shown in Figure 8 .
Over the course of the recession, the economic outcomes under TPLT are virtually the same as under the permanent price-level targeting strategy. Initially, the anticipated stabilization benefits of the strategy do not materialize because agents require time to learn the new strategy, in particular while the policy rate is constrained by the ZLB. Consequently agents fail to anticipate the more accommodative path of monetary policy in the future. The cumulative shortfall in inflation is larger under learning and, as a result thereof, the central bank stays in the price-level targeting regime much longer than under full information.
Once the economy has recovered sufficiently, the central bank returns to its infla- ment process for the agents. Over the course of the price-level targeting regime, agents'
beliefs partially adjusted to the true parameters under the price-level targeting regime.
But upon the central bank's return to the inflation targeting regime of the TPLT strategy, agents will reverse their beliefs and move their parameter estimates to be yet again closer to the parameters of the inflation targeting regime. The beliefs and the direction in which the parameter estimates move over time will again be reversed on the next occasion the central bank is in the price-level targeting regime during a ZLB episode. In our learning formulation, agents will never understand the state-contingent nature of the TPLT strategy. As a result, and in contrast to permanent price-level targeting, agents will never be in the position to correctly anticipate the central bank's policy actions. In particular at the ZLB, the TPLT strategy will never be as effective in stabilizing the economy as the permanent price-level targeting strategy (which agents will come to fully understand over time).
The ineffectiveness of TPLT is in part the result of our assumptions about the beliefs that agents can entertain. In particular, agents cannot entertain the idea of regime switches in the policy rules embedded in the TPLT strategy. Yet, even if we allowed agents to consider the possibility of switches between two regimes, it would still be difficult for agents to learn the TPLT strategy. The simple reason is that agents cannot infer anything about the regime the economy is currently not in. Before a ZLB episode occurs, agents have no opportunity to learn about the central bank's likely behavior during that episode; at the ZLB, there is virtually no information that allows to discriminate between different rules; and the period of the recovery during which the central bank still follows price-level targeting is short. Depending on the speed of learning, it would presumably take several zero-lower bound episodes before agents would fully understand the contingent behavior of the central bank. Moreover, agents would also have to learn the conditions that trigger the switch from one regime to the other, further complicating the inference problem relative to a permanent price-level targeting strategy.
Conclusion
We have developed a method of learning about the central bank's policy strategy from observed policy rates that explicitly takes into account the limited informational content of observed policy rates at the ZLB. We have applied this method to a simple New-Keynesian model in which the central bank can pursue either an inflation targeting or price-level targeting strategy.
When the central bank switches to price-level targeting at the onset of a deep recession, this switch mitigates the loss in output and the shortfall in inflation under rational expectations and full information, as is well known. But when agents are learning, the benefits of price-level targeting do not materialize because agents do not understand the new policy regime immediately. The learning problem is further complicated by the fact that the policy rate quickly hits the ZLB, at which point agents receive little information about the true parameters of the policy rule. As a result, under learning, the central bank is left with a much larger negative price-level gap than under full information, and thus has to allow for substantial overshooting of inflation after the recession without having accrued any stabilization benefits in the midst of the recession. In order for these benefits to materialize, price-level targeting should be introduced in calm times to give agents the opportunity to learn this new policy strategy rather than being deployed as a policy tool in a deep recession. Temporary price-level targeting strategies are likely to be much less effective than their permanent counterparts.
Note that, in our application to price-level targeting in the paper, Ψ (·) is already linear, so the above is an equality rather than an approximation.
We will work with the systematic part of the notional rate, which we denote bys t = i * t − e t . The prior of s t given x t is normally distributed:
To get to the posterior of β t after observing i t , we have to distinguish whether the ZLB is binding or not. If Ψ is linear, then the EKF is just the standard Kalman filter and we have found an exact solution to the posterior.
(b) If i t = i, we compute the mean and the variance of the posterior of s t given x t and the observation that s t + e t ≤ i. For an arbitrary integrable function g, we have that the posterior mean of g (s t ) is given by:
We compute these expressions using Gaussian quadrature for g (s) = s and g (s) = s 2 to obtain the posterior mean and variance of s t , which we denote bỹ m t andS t . We now approximate the posterior distribution of s t as N m t ,S t .
With this approximation, the posterior for β t given x t and i t = i is normally distributed as N β t , P t , with the updating formula: .16) 
